Abstract. We estimate the parameters of intensity fluctuations in amplifying nanophotonic random media, based on analytical and numerical methods. The statistics of such media belong to the Levy domain due to underlying power-law distributions. The power-law exponent is determined by the gain length and the mean first-passage length of the photon in the system. We employ a Monte-Carlo simulation to accurately estimate the excitation region of the medium, which yields the gain length and the geometric features of this region. The aspect ratio of this pumped region allows to further analytically calculate the mean first-passage length of a photon diffusing out of the amplifying region. Our calculations are in excellent agreement with experimental trends regarding the Gaussian to Levy transition.
INTRODUCTION
In recent times, non-Gaussian statistics in disordered nanophotonic systems have attracted significant attention [1, 2, 3] . One such system which exhibits nonGaussian behavior is a random laser. Random lasers consist of nanostructured inhomogeneities randomly arranged in an amplifying medium and realize laserlike emission originating from an interplay of multiple scattering and amplification [4, 5] . Under certain conditions of gain and disorder, coherent modes are generated in the system, which exhibit strong intensity fluctuations [6, 7] . Due to the underlying distributions in the complex system, the intensity fluctuations are expected to follow an asymptotic power-law behavior, pointing to Levy statistics [8] . Such Levy behavior has been experimentally measured [9, 10] , and the statistical transitions in the system have been documented [11] .
The fluctuations with diverging variance originate from the fact that the emission comprises of modes whose dwell-times have exponentially decaying distributions, while the amplification is exponentially proportional to the dwell-times. The modal dwell-time is determined by the mean length of the photon path before it exits, namely, the mean first-passage length ⟨L⟩, and the amplification is quantified by the gain length ℓ g , which defines the length over which one photon amplifies to two. The asymptotic decay of the intensity distribution then follows the non-negative exponent µ, given by µ = lg ⟨L⟩ . For 0 < µ < 2, the behavior is Levy, and Gaussian otherwise. Thus, the parameter µ is a vital quantity that determines the statistical behavior of the complex random laser system.
In this paper, we combine theoretical and numerical techniques to estimate the Levy exponent in a random
laser. An analytical method that computes diffusive mean first-passage times of photons is coupled with a numerical technique that invokes realistic disorder and amplification conditions, to provide the Levy exponent µ.
FIRST-PASSAGE TIME CALCULATIONS
We apply here the method outlined in [12] , wherein the first-passage times through a cylindrical volume was calculated. The motivation to use a cylindrical geometry stems from experimental observations of such systems, as is clarified later. We begin with the Green's function form of the diffusion equation
where τ = t − t ′ is the difference between observation time t and source time t ′ and D is the diffusion coefficient. This equation is solved for G(⃗ r, τ| ⃗ r ′ ) in Laplace space after rescaling all lengths by L and all times by L 2 /D. For convenience, we work in cylindrical coordinates with ⃗ r = (ρ, z, ϕ ). In the rescaled coordinates, the ends of the cylinder are located at z = 0 and z = 1 and the cylinder wall is at ρ = 1/β , where β = L/a is the aspect ratio of the cylinder of length L and radius a. Since the cylindrical excited subvolume is surrounded by unexcited dye, we apply absorbing boundary conditions at the cylinder walls and the two faces of the cylinder. From the Green's function, we compute three distinct currents, namely, one through the wallĵ w and one current each through the facesĵ 0 andĵ 1 . These currents are used to calculate the splitting probabilities π i , where i ∈ 0, 1, w. The splitting probability π i is the conditional probability that the particle hits the boundary indexed by i. Finally, the mean first-passage time through the front face of the cylinder can be calculated from the currents and the splitting probabilities, and works out to be
This expression computes the ⟨τ( ⃗ r ′ )⟩ as a function of the starting position ⃗ r ′ of the photon. In case of the random laser, the spontaneously emitted photons are generated at any position in the cylinder, weighted by the distribution of the excited population. Therefore, for accurate estimations of the first-passage lengths, the pre-requisites are the geometrical details of the pump distribution and the distribution of the excited state population. These details can be obtained using a Monte Carlo (MC) simulation of the excitation process of the random laser with experimentally realistic parameters. The other motivation of using MC simulations is that experimental reports of Levy statistics have been from systems pumped by picosecond pulsed lasers. Since the decay timescales of the active species ranges over nanoseconds, the excitation pulses pump the system instantaneously into an inverted state, leading to saturation effects. This situation can be accurately modeled by the MC simulation that computes the diffusive propagation of light in terms of multiply scattered photon paths, coupled with absorption.
MONTE CARLO SIMULATIONS
Here, we describe the essence of the simulation, while complete technical details are in [6, 13] . The Monte Carlo simulation assumes the random laser system to be comprising an ensemble of spherical scatterers suspended in a virtual box of dimensions 600 µm ×600 µm ×2.8 mm. The number density and size of the scatterers provide the mean free path ℓ s at the pump wavelength λ = 532 nm. The interscatterer medium is assumed to be a 2.5 mM solution of Rhodamine-6G in methanol, and is characterized by the absorption cross-section of Rhodamine 6G. The excitation of the sample is simulated as follows. An ensemble of pump photons (λ = 532 nm) is launched from the front face of the box, with input trajectory perpendicular to the face. The spatial distribution of the photons is assumed to be a Gaussian with a 60 µm width, simulating a laser beam. Each photon carries a weight w at the time of launch. Subsequent to entering the front face, each photon undergoes a three-dimensional random walk throughout the box. The walk comprises a set of rectilinear paths, the lengths of which are random variates picked up from an exponential distribution with mean ℓ s . At the end of each path, the photon is propelled into another direction, uniformly distributed over 4π. During the walk, the weight of the photon undergoes attenuation as determined by the absorption cross-section of the Rhodamine molecules and their ground state population. The walk terminates when the photon is absorbed in the sample (w < 1), or if it exits the box. As the photon weight attenuates along a path, a proportional number of ground state molecules are locally raised to the excited state. The total number of pump photons determines the excitation energy. The continuous absorption leads to local population inversion which is recorded in a three dimensional grid, with pixel size 2 µm ×2 µm ×2 µm. At the end of the excitation pulse, the exact geometric details of the excitation subvolume can be extracted from the inversion. Figure 1 [A] shows the transverse snapshot of the excitation region at a pump energy of 4.5 µJ, for ℓ s = 300 µm and ℓ s = 1500 µm, and [B] is the front face image for the former. The streaky nature of the distribution originates from the discrete paths involved in the calculations. The varying aspect ratio of the excited region for the two ℓ s 's is obvious from the image. A cylindrical region is chosen for analysis as indicated in white in the upper image. Evidently, a small region at the inner end is excluded in this procedure, but given that this part is surrounded by unexcited dye, the emission from this region contributes negligibly. Fig. 1[C] shows the calculated aspect ratios, seen to vary from β ∼ 4 to β ∼ 13, of the excited region for various values of ℓ s and pump energies. gions for two systems with differing aspect ratios. The larger aspect ratio enables longer paths in the excitation region, leading to larger ⟨L⟩'s. This variation is linear upto a significant depth inside the cylinder. In the actual excited system, this variation has to be rescaled with the distribution of upper state population, which determines the locations of the spontaneous emission events. The consequence of this rescaling is shown in Fig. 2(b) , where the black circles indicate the ⟨L⟩'s varying with ℓ s at a pump energy of 4.5 µJ and blue squares show the same with pump energy at ℓ s = 750 µm. Importantly, the magnitude of ⟨L⟩ remains smaller than that of the ℓ s . This is a consequence of the small probability of exit through front face of photons released deeper in the sample, which contribute to the observed data in the experiments. The ℓ g are trivially calculated by invoking the upper and ground state populations as recorded by the MC simulations and the known excitation and absorption cross-sections. The subsequently calculated Levy exponents µ are displayed in Figure 3 as a function of pump energy for five values of ℓ s . Evidently, for samples with larger ℓ s , the exponents are small at weak pumping, in contrast to strong scattering samples. The horizontal dashed red line demarcates the lower Levy region from the upper Gaussian. These implications are in excellent agreement with our current experimental studies where the stronger scattering samples exhibit Gaussian statistics whereas the weaker samples show Levy at low excitations [14] . Further, since the experiments can correlate the Gaussian to Levy transition with the random lasing threshold, we conclude that µ crossing the red line indicates the random lasing threshold [11] . This is consistent with the fact that below the threshold, the fluctuations originate from fluorescence, which are expected to be Gaussian (µ > 2).
RESULTS
In conclusion, we have calculated the mean firstpassage times and the Levy exponents of intensity fluctuations of light in complex amplifying media. Our calculations, based on theoretical and numerical techniques, are in excellent agreement with experimentally observed trends. Our studies will encourage more analysis in non-Gaussian behavior of disordered optical systems. 
